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1. INTRODUCTION 
This paper is concerned with the oscillation of bounded solutions of a class 
of functional-differential equations of arbitrary order. The principal focus is 
on the oscillation of all bounded solutions of odd-order (including first order) 
equations where the oscillation is generated by the presence of the delay. 
To put the results in perspective the theorems are stated for equations of 
arbitrary order, both in the case that the corresponding ordinary differential 
equation has oscillatory solutions and in the more interesting case where it 
does not. 
Let g: [0, co) - R be a continuous function satisfying g(t) < t for all 
t > 0 and g(t) -+ cc, as t -+ co. For any continuous function y(s) defined on 
[g(t), t], define yt to be the function with domain [g(t) - t, 0] given 
by ~~(0) = y(t + 0) for 0 E [g(t) - t, 01. W e consider the functional dif- 
ferential equation 
y’“‘(t) i F(t, Yt) = 0 (1.1)* 
whereF: [0, co) x C((- co, 01, R) + R is continuous and for fixed t E [0, co], 
Vcp E C((- 00, 01, R), F depends only on v over the interval [g(t) - t, 01. 
To avoid unintentional claims of continuability it will be understood that by 
a solution of (1 .l)~ we mean a solution defined on some interval [to , CO), 
t, > 0. By an oscillatory solution, we mean a solution, not eventually identi- 
cally zero, with a zero on every ray, [t, co), t > t, . 
We collect here the hypotheses on F that will be used in the statement of 
the theorems: 
(H,) F(t, yt) > 0 whenever yt 3 0, F(t, yt) < 0 whenever yt < 0, 
(H,), (i) If y(t) is any bounded, monotone, positive function on 
(to 7 co) with y(co) > 0 then 
s 
m 
t+lF(t,y,) dt = +co, 
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(ii) If y(t) is any bounded, monotone, negative function on (I,, . X) 
with J’(m) < 0 then 
J 
3c 
t+lF(t, yt) dt - : -z, 
(H,) 31’ >O, 6 > 0, h(t), r(t) defined on (T, co) such that h(t) ; 0 
and g(t) < r(t) < t with r(t) nondecreasing such that the following hold: 
(i) For any continuous function y(s) 3 0 and nonincreasing on 
[g(t), t], t > T, with y(s) < 6 we have F(t, yf) 3 h(t) y(r(t)) 
(ii) For any continuous function y(s) < 0 and nondecreasing on 
[g(t), t], t > T, with y(s) > -S we have F(t,y,) < h(t)y(r(t)). 
In most of the applications of (Ha), r(t) = sup,c,g(s). Consequently, if 
g(t) is nondecreasing for all large t then r(t) may be taken to be g(t). 
Condition (H,), requires some comment. Suppose the delay, t -g(t), 
is bounded above and F has the form F(t, cp) = p(t)f(v), v E C[[--7,O], R). 
Assume that f(cp) > 0 when q > 0 and f(r,o) < 0 when 9) < 0. Then, if f is 
continuous, (H,), is implied by the divergence of the integral: sol t”-lp(t) dt. 
To see this, suppose y(t) is a bounded, monotone, positive function on 
(t, , co) with y(a) > 0. It is then easy to see that IV = {yt: t > t, + Y} C 
C([--7,O], R) is precompact and m == W u { jm,) where y,(6) =: y%, , 
BE [-r, 01. It then follows that 
f(yd 2 inf{f(v) 1 cp E W =fW > 0, for some 4 > 0. 
As a consequence, there results the following inequality: 
s=’ t”-lF(t, yt) dt = Irn t”-W)f(rt) dt >f(#) j-a @f(t) dt. 
The condition (Ha) is to be thought of as a statement of the nontrivial 
dependence of F on delay terms. This condition will be further illuminated 
by the examples in Section 2. 
2. STATEMENT OF RESULTS 
In this section the principal theorems are stated and discussed. 
THEOREM A. Assume (H,) and (H,), hold. Then for n even all bounded 
solutions of (l.l)+ are oscillatory and for n odd all bounded solutions of (1.1)) 
are oscillatory. 
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The oscillation of bounded solutions in these cases is not “caused” by 
the delay and is also present in ordinary-differential equations (see Kartsatos 
[3] and Onose [4]). That bounded solutions of even order delay equations of 
the type (l.l)+ are oscillatory has been shown by other authors. See, for 
instance, Ladas [5, Theorem 4.11 whose proof we essentially follow. To see 
that bounded solutions exist in these cases note that sin t and cost are 
solutions of 
y”(t) + y(t - 277) = 0 
and of 
y”(t) - y(t - (iT/2)) = 0. 
In contrast to the results of Theorem A, the oscillation of bounded solutions 
guaranteed by Theorem B is the result of a sufficiently large delay. This result 
extends the result of Gustafson [1] and Dihiya [2] for even order equations. 
THEOREM B. Assume (H,), (H,), , (HJ holdand that there exists a sequence 
M7 t, + co suck that 
s t dt) 6 -WY qs) ds -& 1. (n - l)! (*I 
Then for n even, all bounded solutions of (1. I)- are oscillatory and for n odd, all 
bounded solutions of (1 .l)+ are oscillatory. 
At this point we remark on several variations of Theorem B. 
Remark 1. It will be clear from the proof that if (Hs) holds without the 
stipulation that y(s) < 6(y(s) > -8) then (H,), is superfluous. This remark 
includes the result of Gustafson [l, Theorem 4.11. 
Remark 2. Let y E (0, 1) and (Ha),, be the condition (Ha) except 
(9 F(t, Yt) 3 h(t) Mr(W 
(ii) F(t, 3) < --h(t) [-rW>>l~. 
If (Ha),, holds then (*) may be relaxed to read 
s 
t 
dt) 
(’ - ‘@))“-l h(s) ds > 0. 
(n - 1Y 
Remark 3. The condition (*) of Theorem B could be replaced by 
s t 4 (r(s) - r(t)>“-’ /ys) ,1, (n - l)! 
For some common types of delay, e.g., r(t) = t - 7 and r(t) = kt, 0 < k < 1, 
the expression in (*) is larger than that of (*)’ so that Theorem B as stated is 
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stronger than with (*)‘. This remark includes the result of Dahiya [2. Theo- 
rem I]. 
Remark 4. For n -= 1, “bounded” may be deleted from the conclusion 
of Theorem B for (I .I)+ since all solutions are oscillatory though not neces- 
sarily bounded. 
It should also be mentioned that the fact that g(t) represents a delay is not 
used in any essential way in the proof of Theorem A or in Theorem B although 
the condition (*) would need modification if g(t) were to be an arbitrary 
deviating argument. 
To see that bounded oscillation is possible in these cases, note that sin t 
and cos t are solutions of: 
and 
y’@(t) - y(t - 277) z--z 0. 
yc3’(t) + y(t - (3r/2)) == 0. 
For equations of the form 
y’yt) & y(t - T) = 0 
condition (*) of Theorem B becomes: P/n! 3 1. The condition (*) is 
specialized to a number of commonly occurring equations in Gustafson [I]. 
Theorems A and B are applicable to the equation 
Y’“‘(t) f p(t)f(r(t), Y(m) = 0 (2.1Lt 
where f(~, a) satisfies the condition: xz > 0 implies xf(x, x) > 0. It is easy 
to see that in this case (Ha), reduces to the requirement jrn P-4(t) dt = + W. 
This is the condition imposed by Ladas [5]. The following additional assump- 
tion onf(X, z) implies that (Ha) holds. 
(Ha)’ There exists 6, b > 0 such that 
(i) If x, z > 0, x + z < 6 then f(~, z) > bz, 
(ii) If X, x < 0, x + z > -8 then f(~, .a) < bz. 
If r(t) = s~p,~,g(s) and if y(s) is nonincreasing and positive on [g(t), t] 
with ~(4 < S then (H3)’ implies p(t)f(r(t), y(g(t))) 3 W) A&)) 2 
W) y(W, thus 4) = b(t) works. Note that if (aflax) (0,O) > 0 then 
(Ha)’ is satisfied for some 6, b > 0. The appropriateness of this assumption is 
clear since it says that there is a nontrivial dependence on delay terms. 
COROLLARY 1A. Suppose that f : R x R + R is continuow and satisjes: 
xz > 0 implies xf (x, z) > 0, and suppose that j” Pwlp(t) dt = + co. Then 
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for n even, all bounded solutions of (2.1)+ are oscillatory and for n odd, all 
bounded solutions of (2.1)- are oscillatory. 
COROLLARY 1B. Suppose that in addition to the hypotheses of Corollary 1 A, 
f(x, x) satis$es (Ha)’ and 
b 
s 
t (s - r(t))+-’ 
&) (n - l)! f+) ds 3 l (*I 
for some sequence {tk} with t, + CO. Then for n even, all bounded solutions of 
(2.1) are oscillatory andfor n odd, all bounded solutions of (2.1)+ are oscillatory. 
The remarks following Theorem B apply here also. The case n even of 
(2.1)* in Corollary 1A is covered by a result of Ladas [S, Theorem 4.11. 
The more general equation 
Ly f qt, Yt) = 0 (2.2)* 
will also be considered where Ly is, for large t, a disconjugate linear operator 
Ly = yen) + al(t) y(+l)(t) + ... + a,(t) y(t). 
The equation Ly = 0 has principal solutions yr ,..., yn satisfying Polya’s 
Wronskian condition 
wj = W(y1 ,-*,Yi) > 0, j = l,..., 71. 
Moreover, the operator L may be factored 
with 
and 
Ly = b,(b,-, *.. (b,(b,(b,y)‘)’ . ..)’ 
bj = W,“_,/ Wj Wj-:! j = 2,..., n 
w,= 1, Wl =Yl 
s 
m b;l(s) ds = $-CO j = l,..., n - 1. 
T 
There results may be found in Willet [7]. The following modification of (Ha) 
will be used: 
(rs) 3T > 0, h(t), r(t) defined on (T, co) such that h(t) > 0 and 
g(t) < r(t) < t with r(t) nondecreasing such that the following hold: 
(i) For any continuous function y(s) > 0 with b,(s) y(s) nonincreas- 
ing on [g(t), t], t > T we have F(t, yJ 3 h(t) y(r(t)), 
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(ii) For any continuous function y(s) ,( 0 with b,(s) y(s) nondecreas- 
ing on [g(t), t], t > T we haveF(t, yt) < h(t)y(r(t)). 
THEOREM C. Suppose (H,) and (I?&) hold and suppose there exists a 
sequence, {tk}, t, + co such that 
jr;, b;l(s,-l) j” 
.?,-I 
b;l(sne2) [y”m, ~3. !‘,t b,l(s) b,l(r(s)) h(s) ds 4 **. k-1 3 1. 
n 1 
Then for n even, all solutions y of (2.2)- with y = O(y,) are oscillatory and for 
II odd, all solutions y of (2.2)+ withy = O(y,) are oscillatory. 
Gustafson [l, Corollary 4.61 has also considered the above theorem in the 
case of (2.2)- and n even. Although @a) (“) n is not stated there as a hypothesis, 
it is necessary since nonoscillatory solutions may be either eventually positive 
or eventually negative and the proof is given only in the former case. The 
following example shows that (I&) (ii) is needed in Theorem C: 
Let Ly = y(lz). Thus L is disconjugate on [0, 00). Consider the equation 
Y’“‘(t) = Yk(4) + I YWN ) n even. (2.3) 
Clearly (Fa) (i) is satisfied since F(t, yt) = 2y(g(t)) for y(g(t)) >, 0 and 
(HJ (ii) is not since y(g(t)) < 0 . pl’ im ies F(t, yt) = 0. Since y(t) = -1 is a 
solution of (2.3), no condition on the delay can make Theorem C true. 
Notice that Theorem C generalizes Theorem B in the case that Remark 1 
of that theorem holds. 
3. PROOFS 
Proof of Theorem A. Case I. (I. l)+ , n even. Suppose there is a solution 
y(t) of (l.l)+ withy(t) > 0 on (to, co) and y(t) bounded (a symmetric argu- 
ment handles in case y(t) < 0). Since g(t) + 03 as t + co it follows from 
(H,) that y(“)(t) < 0. Since y(t) is bounded, it must be the case that 
y(7c)(t)y(k+1)(t) < 0 for large t and k = 1,2,..., 11 - 1. It now follows that 
the even-order derivatives are nonpositive and the odd nonnegative. In 
particular, y’(t) > 0 so that y(t) is a nondecreasing function. We now apply 
the argument of Ladas [5, Theorem 4.11. On multiplying (l.l)+ by tn-l and 
integrating one obtains 
s t ~“-ly(~)(s) ds + t1 I ’ s”-lF(s, yJ ds = 0 (3.1) h 
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where tl is chosen so large that (-l)‘y(r+l)(t) >, 0, 1 = 0, l,..., n - 1. 
Integrating the first term by parts successively yields 
#> - !%I) + (- l>‘+l (n - I)! [y(t) - y(tl)] + j-” s*-~F(s, ys) ds = 0 
t1 (3.2) 
where 
n-2 
Q(t) = c (-1)” (t”-1)‘“’ yc”-k-l’(t) 
k=O 
Note that, since (- l)zy(z+l)(t) > 0, I = O,..., 1z - 1 for large t, it is the case 
that Q(t)yc*)(t) < 0. Thus Q(t) > 0. Since y(t) is bounded and the integral 
in (3.2) diverges by (He), , (3.2) is impossible. This contradiction proves the 
theorem. 
Case II. (1.1) , n odd. The proof is omitted since it is identical to that 
of Case I with only some changes of the < relation. 
Proof of Theorem B. The proof will be given for the case n is odd for 
(1 .l)+ as the argument in both cases is essentially the same. Suppose there is a 
bounded solution y(t) > 0 on (to , co) of (l.l)+ . A similar argument handles 
the case y(t) < 0 on (to , co). By (Hi), for large enough t, y@)(t) < 0. Since 
y(t) is bounded we apply the same reasoning as in Theorem A to conclude 
that y(k)(t)yc7c+1)(t) < 0 for large t , k = 1, 2 ,..., n - 1. It follows that 
(-l)~y’“‘(t) > 0, E = 1,2 >*a*, n since 1z is odd. In particular y’(t) < 0 so 
Em,,, y(t) exists. Suppose lim y(t) = c > 0. Multiply (l.l),. by t”-l and 
integrate to obtain 
s t t sn-lyfn)(s) ds + s P-Y+, ys) ds = 0. t1 t1 (3.3) 
Integrating the first integral in (3.3) by parts successively yields 
Q(t) - Q(h) + (-1),-l (n - l)! [y(t) - y(h)] + j-1 +F(s, ys) ds = 0 
(3.4) 
where, as before, 
n-2 
Q(t) = c (-l)k (P-l)(k) y(n-k-l)(t). 
k=O 
Since the derivatives alternate in sign and y(“)(t) < 0, it follows that Q(t) > 0 
for all large t. Since y(t) is bounded and the second integral in (3.4) diverges, 
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(3.4) is impossible. Hence it must be the case that lim,,, y(t) -7: 0. (Hs) may 
now be applied. For s < t, s sufficiently large, 
0 == y(?t)(s) i F(s, ys) 2 y’“(s) i h(s) y@(s)) 
3 yys) $ h(s) y(r(t)). 
The last inequality occurs since r(s) is nondecreasing andy(t) is nonincreasing. 
Integrating this last inequality successively gives 
0 >, r,l,,s,“- .+- jtjty(n)(s) ds ds, -*. ds,-, +-y@(t)) s:,, ... j” h(s) ds. 
n 1 *2 Sl 81 
Hence, it is the case that 
n-1 
0 3 1 (-1)” (t -h;‘t))i;y’k’(t) - y@(t)) +y(r(t)) j” (’ - +))“-l h(s)& 
k-0 r(t) (n - 111 
Rearranging terms produces 
n-1 
0 2 c (-ljk 
k=O 
ct - m)” y”“‘(t) + y(r(t)) [jr;,) yfiy h(s) ds - l] . k, 
The right-hand side of this inequality, however, is nonnegative for arbi- 
trarily large values of t by (*) and the fact that (-I)” y(“)(t) > 0. This 
contradiction proves the theorem. 
To verify Remark 1, note that it is not necessary to have y(t) + 0 if (Ha) 
holds without the stipulation that y(s) < s. (H,), is used only to obtain 
lim,,, y(t) = 0. 
Remark 2 is a consequence of the fact that if M > 0 then for sufficiently 
large s, s < t 
0 = Y’“‘(S) + F(s, rs) 3 Y’“‘(S) + 4s) [y(r(W’ 
3 Y’W + 4s) [Y(WIY 
3 Y’YS) + Mb(s) y(r(t)), 
where the last inequality follows from lim,,, y(t) = 0. 
A power series expansion, following the proof in Theorem 1 of Dahiya [2], 
may be used instead of the successive integrations to obtain Remark 3. 
Remark 4 follows from the fact that if y(t) is a nonoscillatory solution then, 
by (H,), y(t) y’(t) < 0 for large t so y(t) is bounded. 
Proof of Theorem C. We consider only the case of n odd for (3)+ as the 
other case is similar. Suppose y(t) is a solution of (3), satisfying y(t) > 0 on 
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(to , oo) and b,(t) y(t) bounded. (Recall b,(t) = l/yl(t).) A parallel argument 
handles the case y(t) < 0. Applying (H,), we have 
Ly = b,(b,-, ... (b,(b,(b,y)‘)‘)’ . ..)’ < 0. 
Let &(Y> = (k~)‘, &Y = (W,Y)')',-, D,Y = (b,-d... (WI(~~Y)‘)‘)’ ...)‘- 
Then D,y < 0. As in the case of Theorem B, for sufficiently large t none of 
the D,y’s can vanish. Using the fact that SC0 b,‘(s) ds = $-CO it follows that 
(I&y> (t) (D,+,y) (t) -==c 0, k = 1,2..., n - 1. Since D,y < 0 and n is odd, 
(-1)” (Dky) (t) > 0 for all large t. In particular D,y < 0 so b,(t)y(t) is 
decreasing and we may apply (Fa) (i) to obtain 0 = b,D,y + F(t, y,) > 
b,&y + W)y(W. If s d t then b&(s))~(W 2 ~M~)YW)), thus 
b,(s) C&Y) (4 + 4) b,lW) b,(N) YWN G 0. 
Multiplying (3.5) by b;‘(s) and integrating we obtain 
bn-l(t) PLY> (t> - L&J PLY) (4 
+ W(t)) YWN (j” b,‘(s) b,YW 4s) ds) < 0. 
81 
(3.5) 
(3.6) 
Successively applying the operator J:,+lb;?,(sf), j = 1, 2,..., n - 1, to the 
inequality (3.6) one obtains the inequality 
+ (--1)l 4(t) (4y) (t) s:,, b;+n-1) h-1 +- b,(t) ~ 4 
+ b,(W) r(W [ jT;,, b;'(sn-1) j" 
G-1 
b,%n-J lqt -a ... 
n 
X 
s 
t b,‘(s) b,+(s)) h(s) ds ds, ..+ ds,-, - 1 < 0. 
Sl 1 
Notice that all the terms in this inequality except the last are positive and by 
hypothesis the last term is nonnegative for arbitrarily large values oft. This 
contradiction proves the theorem. 
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